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Thanks for enrolling in Modern Cosmology! This is an optional math primer for students who are interested
in a more mathematically rigorous presentation of the material. You should be able to follow along if you’ve
completed or are enrolled in a solid algebra class. It’s also a chance if you’ve had some exposure to calculus
to understand its basic connections to mechanics.

The class will be completely accessible to students who have had no exposure to calculus, so don’t worry if
you don’t have time to complete it! As mentioned, it is completely optional, it will just help you understand
the material at a more rigorous level, should you choose to complete it.

Differential Calculus

Mathematics is the language of physics. In order to justify some of the key results, we’ll need a tiny bit of
calculus here. We’ll start with the definition of some kinematic properties of a moving object.

Let’s define x as the position of the object in one dimension. We define the velocity of the object as:

v =
dx

dt

This means: the velocity is equal to the change of position with respect to the change in time. When we put
measure position and time in units, this could mean ”miles per hour,” or ”meters per second,” or ”earth-
sun-distances per year” (a fairly common unit of measurement in astrophysics!). You may have previously
seen the velocity defined as:

v̄ =
∆x

∆t

What is the difference between the ∆ and the d? The ∆ refers to an average change over a time interval,
while the d refers to instantaneous, immediate change. In the familiar definition of average velocity, we mean:
the change in position for a certain time period divided by the change in time for a certain time period. So
in order to measure the average velocity, we need two measurements: the measurement of the position at
time t1 and the measurement of the position at time t2. Then we arrive at the familiar derivation of the
equation you use to calculate the average velocity:

v̄ =
x2 − x1
t2 − t1

What’s nice about the instantaneous velocity is that it is a function of one time measurement only, so we
can define it as v(t).

We can also define the acceleration as:

a =
dv

dt
=

d

dt

dx

dt

For shorthand, we often write the time derivative of a variable x as ẋ, and the time derivative of the time
derivative of x as ẍ. Thus,
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v = ẋ

a = ẍ = v̇

2



Exercise 1: Instantaneous Velocity

1. We mentioned that the instantaneous velocity can be written as a function, v(t). What variables would
we have to define the average velocity as a function of?

2. Write down the slope-intercept form of a line. What is the slope? What is the slope intercept?

3. Let’s say the velocity is constant; meaning it does not change in time.

dx

dt
= V

We can generally write:

dx = V dt

This can be interpreted: ”the change in x is equal to V multiplied by the change in t for any x and any t.”
Given this, we can find the position at any point in time given the starting position x0 and the starting time
t0. (Note: we can still do this if V is not constant, but solving for dx and dt requires integration, which is
beyond the scope of our discussion today).

Now consider an object at time t0 + 4 that has moved to the position x0 + 24.

a) What is dx, the change in x (how much has x moved from its initial position)? What is dt, the change in
t (how much time has passed from the initial time)?

b) What is V ?

c) Now consider an object at a general time t, with a general position x which has started at the position
x0 and time 0. Solve for x as a function of t (use algebra to isolate x on one side of the equals sign).

d) What is the interpretation of V in the equation you just derived?
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Exercise 2: Velocity and Acceleration as Slope

More generally, dx
dt is the slope of the curve of x plotted as a function of t. In all the following plots, we will

take the horizontal axis to be the t axis, and the vertical axis to be the x axis. In the constant velocity case,
since the slope is constant with respect to time, that means that the curve of x is just a line.

In calculus, we can interpret the graph of ẋ as a function of t as the graph of the slope of the x-curve!

1. Here is the graph of x(t) = t. Draw the graph of ẋ(t).

2. On the left are some functions x(t). Match them to their derivatives on the right, x′(t) (this is another
notation for the derivative).

Hint: Try to first ask whether or not the slope changes as a function of time. Then try to find the slope at
a few different values of t.
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More Fun with Derivatives

For a function x(t) = f(t) + g(t), x′(t) = f ′(t) + g′(t). If you add two functions, their derivative is the sum
of the two individual derivatives.

For any function of the form x(t) = f(t) +C, where C is a constant that does not depend on t, x′(t) = f ′(t).
In other words, if you shift a function up by a constant, its derivative does not change (why does this make
sense?). This is the constant rule.

For any function x(t) whose derivative is x′(t), the derivative of Cx(t) is Cx′(t). This is the constant multiple
rule.

It turns out that in general, for any function x(t) = tn, its derivative x′(t) = nxn−1. This is the power rule
for derivatives.

Take the following derivatives:

1. x(t) = 4t2 + 3

2. x(t) = −5t100

3. x(t) = 1
t3

4. (bonus) If df
dx = x3, what are all the possible functions that f could be?
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Physics Review

In this class, we will assume Newtonian dynamics. Hopefully, these concepts should be familiar to you, but
now we can express these concepts more compactly using derivatives.

Central to Newtonian mechanics is the concept of a force. We can solve for the position of an object over
time given the forces acting on the object and the initial position and velocity according to the equation of
motion (Newton’s second law):

F = mẍ

.

Another way to describe the system is via the energy of the system. For a single system (which can be
treated as a point mass or a rigid body), the kinetic energy is the energy associated with the motion of the
object and is given by:

T =
1

2
mẋ2

The potential energy is a system is a compact way to describe the possible forces that would act on the
system. In 1D, it is defined implicitly by the differential equation:

−dU
dx

= F

Ordinarily, the potential is defined to be zero at infinity. The dominant force in cosmology is the gravitational
force, which is the force acting between two masses. It is an experimental fact that between two masses
m1,m2 at a distance r, the force of gravity is:

Fg =
Gm1m2

r2

And the associated gravitational potential is:

Ug = −Gm1m2

r
.

With no external forces acting upon the system, we can state the law of conservation of energy, a fundamental
principle of physics. Using our new tools, we define the energy as a sum of kinetic and potential energy, and
state that its time derivative is zero.

E = T + U

dE

dt
= 0
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Exercise 3: Newtonian Mechanics

1. Consider a particle of mass m in the harmonic oscillator (spring) potential, where k is the spring constant:

U(x) =
1

2
kx2

a. What is the force on a particle at position x?

b. What is the kinetic energy? Write down the expression for the total energy. What condition(s) would
have to apply for energy to be conserved?

c. Use Newton’s second law to solve for ẍ.

d. The solution to a differential equation of the form ẍ = −Cx where C is a positive constant is:

x(t) = A cos (
√
Ct+ φ)

A and φ are constants that can be determined from the initial position and velocity of the particle. Solve
for C. (

√
C = ω is known as the angular frequency of the harmonic oscillator).

2. a. Verify that the gravitational force has magnitude −dU
dr .

b. What is the gravitational force between the earth and the sun in Newtons? Approximate the gravitational
constant G as 7 ∗ 10−11 Nm2/kg2. The sun has mass 2 ∗ 1030 kg. The earth has mass 6 ∗ 1024 kg. The
distance between the earth and the sun is 1.5 ∗ 1011 m.
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